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Edge elements & the null space 
Portion of De Rham complex: 

Grad 
Null(cur1,curl) = {Vcp I cp scalar} Ch 7 r 

Node 

L A 

L1 

I 

Discrete null space,T,, is an Ne x N,matrix: 

+ 1 if v = head( e )  

0 otherwise 
V V E  V J e E  E,, - 1 if v = tail( e )  

Discrete grad T,:nodes + edges. 

Large null space. 
shTh=0.  
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Distributed Relaxation 

(Brandt, VassilevskiNang, Hiptmair) 

Xelax' (e.g. sym-GS): Ax e = f 

3 Damps high frequency error in Range of S,!!! 



Distributed Relaxation 

(Brandt , Vassilevski/Wang , Hiptmair) 

RelaxT (e.g. sym-GS) 

1 

<elax+ 
Zlorrect edge solut-m: 
d a x :  

A x  = t -  e 

x,-= x e + Tx,. 
Ax e - f  

Central idea: Smooth each part of Null(cur1) 0 Null(curl)l. 

twe use Chebyshev polynomials. 

Alternative: (Arnold/Falk/Winther) Overlapping Schwarz @JB 



Coarse Grid Correction (RE) 

r i I 1 

I I -- 
Fine level nodal basis 

functions 9 
A w 

A 

T Prolong a tor 
(nodal) P, 

nodal basis 
functions (p 

L 

/ - -  

hli i l l / ~ ~  irl 

7 - Coarse level 
N I i l l h  irl' 

discrete grad T, 
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Frequency Domain 

V x V x E + i m p  E = rhs 

Instead of S + i M consider equivalent real form (ERF): 

where 
u, = Re(€) 
u, = Im(E) 

6, = Re(rhs) 
b, = Im(rhs) 

Note: ERF reflects eigenvalues about real axis 
00 0 o o o 6 G 0 o&m#% o e f) &wanst.) o o o o o 0 o GO 

+ Care must be taken!!! 

I 
1 2 3 4 6 6 
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Multigrid & Equivalent Real Forms 

General idea: 
Mimic S + i M algorithm with equivalent real form! 

I. Apply AMG scheme to S 3 Pkf S k  Tk 
2. Define ERF operators: 

N 

P k  = ( pk (" ' k ~  

(ERFs) 



ERF Distributed Relaxation 

- T N  - T' AkTk relaxation decouples into 2 

independent problems 
(\ 

- Apply Chebyshev to each 
N N di) = + p(Aproj)(b - Aprojx 

where p() damps high frequencies. 
" C  Y 

0 0 1  0 2  0 3  0 4  06 O K  0 7  O B  0 9  1 
-v " 

0.5 

0.4 

.Apply complex Chebyshev to s k  + i Mk without complex arith. 
0.3 

Apply C h e b y s 3  ERF or real Chebysh @sk+iMk 
0.2 

0.1 

0 

* . . . & * e .  4 

0 0.2 0.4 
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Conclusions 

Discretization: edge elements. 

Coarse grid correction: 

Null space is key for Maxwell’s Equations. 

- Build P p i a  traditional AMG. 
- Derive P, to maintain commutative property. 

- Improve P, to reduce energy. 

Use Equivalent Real Forms for Frequency Domain 
- Mimic complex arithmetic algorithm with ERF algorithm 

- Distributed smoother 
Complex polynomials on ERF system 

2 decoupled real projects for projected ERF system 

Applications: Z-pinch & subsurface imaging. 


